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Motivation

We are interested in the most
natural way of
forbidding duplication
In
quantum lambda calculus

(with quantum control)
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Motivation

Two approaches in the literature to deal with no cloning

Linear-logic approach Linear-algebra approach

e.g. Ax.(x ® x) is forbidden
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Motivation

Measurement

The linear-algebra approach does ... but the linear-logic
not make sense here. . . one, does

e.g.
(Ax.7x) (.]0) + B.]1)) — a.(Ax.7x) [0) + B.(Ax.7wx)|1) Wrong!
(Measurement operator)
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Key point

We need to distinguish
superposed states
from basis states

using types

Basis states can be cloned
Superposed states cannot

Functions receiving superposed states, cannot clone its argument
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Grammars

First version, without tensor

Types
V:=B|SWV) Qubit types
A=V |V=A]|SA) Types
Terms

ti=x | AVt | [0) | (1) |t |wt|?tt]| (t+¢t) | at]|Osa

basis terms linear combinations

where o € C

Intuition
If Ais a set of terms, S(A) is its span

eg. B={|0),[1)} S(B)=C?
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Two kinds of linearity

(MBt) b = tlb/x] call-by-base
B
WM u = t[u/x] call-by-name

n S(V¥)

linear abstractio:

(AXB.t) (by 4+ by)  —  (MxEB.t) by +(AxB.t) by  linear distribution
N — ——

S(B) B B
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Typing applications

MMt V=A Atu:V¥

=E
MAFtu:A

What about (Ax®.t) (by + by) ?
——

S(B)

NMt:v=A AFu:S5)
A tu:S(A)

What about ((Ax®.t) + (\y®.u)) v?

S(B=A)

MEt:S(W=A) AFu:SV)

=
LLAF tu: S(A) £
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Quantum conditional

(?tr) |1y — t (?t-r)|0) — r
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Quantum conditional
(?t-r)|1) — t (?t-r)]0) — r

(?tr)(a. 1) + 8.10)) — a.(?t-r) |1) + B.(?t-r)|0) — a.t + B.r
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Quantum conditional
(?tr)|1) — t (?t-r)]0) — r

(?t-r)(a. 1) + B.|0)) — a.(?t-r) |1) + B.(?t-r)|0) — a.t + B.r

FeB Y FoyB Y
Lt A by A Fa.[1):SB) " Fp.0): S(B)
FrerB=A " Fall)+5.00):S(S(B)
F2tr:S(B= A) - Fa.|1)+5.10) : S(B)

- (2tr)(a. 1) + B-1)) : S(A)
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Quantum conditional
(2t-r) 1) —> ¢ (2t-r)[0) —> r

(?tr)(a. 1) + 8.10)) — a.(?t-r) |1) + B.(?t-r)|0) — a.t + B.r

FeB Y FoyB Y

i broa  FalDS®) T Fplo) SE)
FrerB=A " Fall)+5.00):S(S(B)
F 7t S(B = A) o 1) +5.00) S(B)
- e (o 1) + B 1) : S(A)

Ax

H:)\XIB(\[ 0) + \f(? 1)-11))x)

1 1 1 1
750+ 50 HID — (510 = —5- 1))
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Measurement

7T(a/1.b1—|—042.b2) —>< Jorg 2 ) by

g [2+]an |2

Where b; € {|0),|1)}.

10)
(i |0) +2.]1)) <(5)
1)

)

Example
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Adding tensor product

Interpretation of types
[B] = {|0).[1)} C C?
[A x B] = [A] x [B]
[S(A)] =G Al
G(B1 x By) ~G(B) @ G(B>)
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Adding tensor product

Interpretation of types
[B] = {|0).[1)} C C?
[A x B] = [A] x [B]
[S(A)] =G Al
G(B1 x By) ~G(B) @ G(B>)

Examples:

G({10), [} x {|0) . [1)}) = 6{(/0),10)), (10}, [1)), (1), [0)), (11}, [1))}
~ G{|00),[01),[10),[11)}
=C*=C?’®C?
=6{[0),[1)} ® ¢{|0),[1)}
(10),(1/v2.|0) + Yv2.|1))) € {[0),[1)} x C?
~—~—
B S(B)
Yva([0),[0)) + Yvz.(|0),[1)) € C*°@C?

S(BxB)
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Some information is lost on reduction
Subtyping
{0),]1)} ¢ C*> then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{l0),|1)} xC? € C2@C? then BxS(B) < S(BxB)

Alejandro Diaz-Caro Two linearities for quantum computing in the lambda calculus 11 /20



Some information is lost on reduction
Subtyping
{l0),|1)} ¢ C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{l0),|1)} xC? € C2@C? then BxS(B) < S(BxB)

(10), 10) +11)) = B xS5(B)

(10),10)) + (107,[1)) = S(BxB)
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Some information is lost on reduction
Subtyping
{l0),|1)} ¢ C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{l0),|1)} xC? € C2@C? then BxS(B) < S(BxB)

/(|0),|0>+|1>) . BxS(B)
(10),10)) + (107,[1)) = S(BxB)
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Some information is lost on reduction

Subty

ping
{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{]0),|1)} xC> ¢ C?°®C?> then BxS(B) < S(BxB)
/(|o>, 0)+1]1)) : BxS(B)
(10),10)) + (l0),[1)) - S(BxB)

Sure! We are distributing!
(X-1)(X-2) — X2-3X+2
we lost the information that it was a product
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Some information is lost on reduction
Subtyping
{0),]1)} ¢ C*> then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{|0),]1)} xC* c C*>®C? then BxS(B) < S(BxB)
/(0>, 0)+ 1)) : BxS(B)
(10),10)) + (10),[1)) = S(BxB)
Sure! We are distributing!

! (X -1)(X-2) — X?-3X+2
| we lost the information that it was a product

Solution: casting
(10),10) +11)) = (10),10)) +(]0), 1))
1(10),10) +11)) = (10),10)) + (|0}, [1))
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Full grammars

Types
V=B |SWV)|VxWV Qubit types
A=V|V=A|S5A)|AxA Types
Terms

ti=x | AVt [10) | 1) | tt|mt| 2ttt | (t+t) ]t 65(A)
|t x t| head t | tail t |ff, t|ftet
where o € C
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Measurement of the first j qubits

(3o TT60) o ITon )3 i

icp Z |a,| h=j+1
reP
P C N=" such that )
k<n. Vie P, Yh<j, N
bhi — bhk- ieP ;Ia’lz
Example
m(2]011) + |010) + 3]111))
(%) /\ (1%)
2 /1 T
01) x (% [1) + 5 10) [11) x (11]1))
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V=B | S(W) WX Qubit types
The full type system A ;:\U\\u(;»)‘/usx(A)\AxA Types

A T oM ———— Axg — A
x:VEx: W F 0sea) : S(A) F10): B Fl1): B

Ft:A o THt:A Abu:A MEt:5(B") 5
M a.t:S(A) AR (t4u): S(A) ™ M-t B x S(B" 1)
FI—t:A(Ajs)< r-¢t: A r'_“:A/f Mx:VEt:A N
E— !
MN-t:B NrN-?tu:B=A NMNEXx:Vt:v= A
M-t v=A Al—u:\ll:>E rFt:S(\UéA) AFU:S(\U) e
MAFtu:A MAF tu:S(A)
Fr¢:A F,X:]B%”,y:]B%"Ft:AC
Mx:B"Ft: A Mx:B"F (x/y)t: A
Mr=t: A AFU:BX, r-t¢:.B" e [Ft:B" e
NAFtxu:AxB F-headt:B T+ tailt:B"!
Me=t:S(S(A) x B) FI—t:S(AxS(B))ﬂ
TH, t:S(AxB) =~ THt:S(AxB)
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Rewrite rules

@ | If b has type B" and b € B, (AxBn.t)b — 1) (b/x)t (Bs)
@ If u has type S(V), (Ax>M).t)u —) (u/x)t (8n)
- |1>?t-r —)(1) t (if1)
- |0>?t-r —@ ! (ifo)
c If t has type B" = A, t(u+ v) —1) (tu+ tv) (lin7)
'% If t has type B" = A, (a u) — (1) a.tu (lin®)
E If t has type B" = A, tOs(Bn) — ) OS(A) (lin)
; (t + U)V —(@) (tv + uv) (lin{")
5 (.t)u — () .ty (linf*)

Og(Bn:A)t —) OS(A) (lin)
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Rewrite rules

Continuation

(Osay + 1) —q) t (neutral)

1.t —(@) t (unit)

§ If t has type A_l 0.t — ) (:):S(A) (zeroq)
x a.Os(A) —) OS(A) (zero)
g a.(B.t) —q) (af).t (prod)
g a.(t+u) —q (et +a)  (eds)
3 (a.t+ B.t) —q (a+ B).-t (fact)
g (a.t + t) —>(1) (a + ]_)t (fact')
(t+1t) — @2t (fact?)

Os(sa) —q) Osa) (zeros)

I (t+r) =ac(r+t) (comm)
((t+1r)+5) =ac (t+(r+s)) (@0

g |TTh#Zuxvand heB, head hx t —q)h (head)
2| h#uxvand heB tailhxt —yt (tail)

Alejandro Diaz-Caro
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Rewrite rules

Continuation

fr(r+s)xu—q (frrxu+f,sxu) (dist])

freux (r+s) —q (heuxr+1fuxs) (dist;")

0 fr (cr) x u —qy . rxu (dist™)

% freux (a.r) —@ya. frpuxr (distf*)

# | If u has type B, 1, OS(A X U — ) os(AxB) (dist®)

& | If u has type A, ¢ u X 05(3) —) OS(AXB) (dist?)

1 (t+ u) — 1) (ht+1u) (disty)

f(ot) —qy o i t (dist?)

If ue B, ﬂrUXV—>(1)U><V (neut)

fveB fpuxv-—muxyv (neut])

d L J . m .

‘g (g[ 2 1;[ hi) —(p) (U bai) x %; \/ﬁ h=JH+1 byi (proj)

E where k < n; P C NS st. Vi€ P, Vh < j, bh:—bhkP—ZZn I‘ |2?Vi,bi:\0>
or bj = [1); 3> [ej ] [T bai is a normal term; and if an a;elz absent, |ay|? = 1.
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Categorical interpretation
Work-in-progress with Octavio Malherbe (early ideas)

[vrxv] v
Hrrfgpéjﬁ;’(;\;f =Tx A5 Ax AT S(A)
i RS LR
HAH:SA(\’VF)F:;;:)("’;‘A)' — AT 25 S(W) x S, A))

25 S(V) @ S([W, A]) = S(V x [V, A))
*€l 5(a)

=T - S(S(A) x B) =~ 5(5(A)) ® S(B)

[+ t:S(S(A) x B)
ﬂrkﬂrt:S(AxB)ﬂ

12 S(A) @ S(B) ~ S(A x B)
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Categorical interpretation

Soundness example

Fe:B=A Fr:B Fs:B 4. B A Fr:B Ft:B=>A 5B

Ft:SB=A) Fr+s:50B) Cir- A Fis: A
Ft(r+s):S(A) Ftr+ts: S(A)
1 - >1x1xlﬁ>BxBx[B,A]
iz l+><77
1x1x1x1 S(B) x S([B, A])
lrxtxsxt l@
B x [B,A] x B x [B, A] 5(B) @ S([B, A])
lsxs %z
AxA S(EX[BvA])
+
S(e)
5(A)
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Summarizing

v

First-order quantum lambda calculus (w/quantum control)

v

Algebraic linearity and logical linearity combined to avoid
cloning

v

Cartesian category, with internal tensor products

Works-in-progress

» Strong normalization (under review) (with J. P. Rinaldi)
» Abstract category model (with O. Malherbe)
» Haskell implementation (with I. Grimma and P. E. Martinez Lépez)
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Backup slides



Why first order

CM = Ay * @ (P75 (x [0), x[0))) (A2".y))

M (- [0) + 5.11))

= (7B (x10), x0))) (Az.(a. [0) + 8. ]1)))

= ((A2%.(a-]0) + B8.11))) 0) , (Az".(c. [0) + B.11))) |0))
=

? (a.]0) + B.]1) , . [0) + B.]1))



Deutsch algorithm

Preliminaries

(Hadamard

1 1 1 1
HIO = 5100+ =) HI=—=10) = 71



Deutsch algorithm

Preliminaries

H|0) = \f|0> ﬁ|1> HI1) = \[|0> \@m

H = Ax®.1/v3.((|0) + x7—[1)-]1)))



Deutsch algorithm

Preliminaries

HIO = =10+ = 1) M) = —=10) = =)

1 1
N YA Nela

H = Ax®.1/v3.((|0) + x7—[1)-]1)))

Oracle

A "black box" implementing a function f : {0,1} — {0,1}

Ur([x) @ ly)) = Ix) @ ly @ £(x))



Deutsch algorithm

Preliminaries

HIO = =10+ = 1) M) = —=10) = =)

1 1
N YA Nela

H = Ax®.1/v3.((|0) + x7—[1)-]1)))

Oracle

A "black box" implementing a function f : {0,1} — {0,1}

Ur([x) @ ly)) = Ix) @ ly @ £(x))

not = Ax®.x?|0)-|1)
Ur = \P*E (head x, (tail x)?not(f(head x))-f(head x))



Deutsch in )\

o A £ 17(0) & £(1)
y A H-%

not = Ax®.x?|0)-|1)
H = M®.1/v2.((10) + x?—[1)-[1)))

H®2 = \xB*B (H(head x), H(tail x))
Ur = AP (head x, (tail x)?not(f(head x))-f(head x))
Hy = MxB*B (H(head x), tail x)

Deutschs = w1 (1, Hi(Ur fettr HZ2(|0), (1))

F Deutschr : B x S(B)
Deutschiy — 1y m1(Y/v2.|10) — 1/v2.|11))
—q (11),Yv2.10) - ¥/v2. 1))



Teleportation in A

epr = AxE*E cnot(H; x)

alice = Ax>B)xSBXEB) ) (1, H3(cnot3, fettr x))
UP = (ABBAXB.b?7Ux-x) b .
bob = AxBXBxB Zzhead x pophead (tail X) (tail (tail x))

Teleportation = A\q°®).bob ({), alice (g, epr |00)))

F Teleportation : S(B) = S(B)
Teleportation ¢ — (1) q
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